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Tutorial 2: Comparative Statics

ECO4112F 2011

1 Derivatives and Rules of Differentiation

For each of the functions below:

(a) Find the difference quotient.

d
(b) Find the derivative d—ng

(c) Find f’(4) and f’(3).
1. y=422+9 2. y=>5x?—4x 3. y=>5xr—2

Find the derivative of each of the following:

4. y=f(z) =213 18. y = 2% (42 + 6) 30 y = 5z
Y a2 4x
5. y=f(x)= 720 19. y = (az — b) (ca;2)
6. y=f(u)=—du'/? 20. y = (2 —3z) (14 z) (z + 2B1 y:M
V24 z?
7.y =f(r) =63 21, y= (z*+3)z™!
x<31—|—$2)
-1
8. y=f(x) =3z 99 4 — 4x 32. y =
AT V2 + a2
9.y=f(x)=—a"*
x4+ 7 33. y=f(t) =Inat
— _ 23. y=
10. y = f (w) = 9uw? Y - o
34. y=f(t)=1tInt
1. y=f(u) =au’ 24 y_ax2+b y=r1®
T _ 2i4+4
12. y = f (z) = ca? cx+d 35. y=-e
25. y = (322 — 13)° _
13. y=f(w) = Zw‘l/?’ 36. y=e
26. y = (82 —5)° 37 = cart bt
4. y = f(z) = ax®+bz+c .
27. y = (ax +b) _ 5
15. y = Tz +22% — 30437 , 38. y =In8t
28. y = (16 + 3)
16. y = (922 — 2) 3z + 1) 39. y=In(t+9)
) 9 _ac3—|—2x
17. y = 3z + 11) (62% — 52) 9. y= 11 40. y=lnz —In(1+2)



Find the derivative of each of the following by first taking the natural log of both sides:

41.

43.

44.

45.

46.

47.

48.

49.

50.
ol.

22 _ 3x
YT a3 @t TR IRy

d
Given y = u® + 1 where v = 5 — 22, find d—y
x

d
Given w = ay? where y = bz? + cz, find d—w
x

Are the following functions monotonic?

(a) y=—2%4+5 (z > 0)
(b) y = 425 + 23 + 3z

Given the function f (z) = az + b, find the derivatives of

Given the total cost function C = Q? — 5Q? + 14Q + 75, what is the variable cost
function? Find the derivative of the variable cost function, and give the economic
meaning of this derivative.

Given the average cost function AC' = Q? —4Q +214, find the marginal cost function.

Given that average revenue is given by AR = 60 — 3Q, find the marginal revenue
curve.

If f(H,h)=X(1—BH)h, where \ and [ are positive constants, find fy and f.

If f(T,t) =TQn+TQnm (t—T)— T?*rQn, where Q,n,m and r are positive con-
stants, find fp and f;.



Jdy

0
Find — and 9y for each of the following functions:

8%1 8%2
52. y = 223 — 1122z + 322 54. y = (221 + 3) (z2 — 2)
) . 55y — 4z 4+ 3
53. y = Tz + dr125 — 9715 Y= Ty — 2
Find f; and f, for each of the following functions:
56. f(z,y) = 2% + bay — ¢° 58. f(x,y)zu
T+y
2?2 -1
57. f(x,y) = (x2 — 3y) (x —2) 59. f(z,y) = 2y

60. If the utility function of an individual takes the form U = U (z,y) = (z + 2)* (y + 3)?,
where U is total utility and = and y are the quantities of the two commodities
consumed.

(a) Find the marginal utility of each of the two commodities.

(b) Find the value of the marginal utility of commodity x when 3 units of each
commodity are consumed.

61. Given the national income model below

Y = C+I1+G
C = a+bY-T) a>0,0<b<1
T = d+tY d>0,0<t<1

where Y is national income, C'is (planned) consumption expenditure, I is investment
expenditure, GG is government expenditure and T’ is taxes.

(a) Solve for Y*,C* and T* using Cramer’s Rule.
(b) Find the government expenditure multiplier and the investment multiplier.

(¢c) How is consumption affected by increased government spending. Do your find-
ings accord with economic logic?



62. Let the national income model be

Y = C+I1+G
C = a+bY-T) a>0,0<b<1
G = gY 0<g<l1

where Y is national income, C'is (planned) consumption expenditure, I is investment
expenditure, G is government expenditure and 7T is taxes.

(a) Solve for Y*,C* and G* and state what restriction is required on the parameters
for a solution to exist.

(b) Give the economic meaning of the parameter g.

(¢) Find the tax multiplier and the investment multiplier, and give the economic
intuition behind their signs.

(d) Show that an increase in tax has a negative impact on consumption.

63. Consider the following simple Keynesian macroeconomic model

Y = C+I1+G
C = 200+0.8Y
I = 1000 — 20001

where Y is national income, C'is (planned) consumption expenditure, I is investment
expenditure, G is government expenditure and R is the interest rate.

Use Cramer’s Rule to solve for Y*, and evaluate the effect of a R50 billion decrease
in government spending on national income.

64. Use Jacobian determinants to test the existence of functional dependence between
the paired functions below:

(a) y1 = 322 + x9

Yo = 927 + 622 (12 + 4) + 29 (22 + 8) + 12
(b) v = 32% + 223

Y2 =0x1 +1



2 General Function Models (Total Differentiation)

1. Find the total differential dy, given:

) y=—=z(2*+3)
(b) y=(z—8)(7Tx+5)
)=
(d) y = 10z3 — 23

y =322 + 2z — 223

2. Given the consumption function C' = a 4+ bY (where a > 0,0 < b < 1,Y > 0), find
the income elasticity of consumption ecy .

d
3. Find the total derivative d—z, given
Y

(a) z=f(z,y) =2z + zy — y* where z = g (y) = 3y*
(b) z=f(z,y) =(z+y)(z—2y) wherex =g (y) =2 - Ty

4. Find the rate of change of output with respect to time, if the production function is

Q = A(t)K“LP, where A(t) is an increasing function of t, K = Koe® and L = Lo+bt.

5. Given an isoquant which represents a production function

y = f(x1,22), where 7 is some constant level of output. Use total differentials
to derive an expression for the marginal rate of technical substitution between the
factors of production, x; and xs.



3 Derivatives of Implicit Functions

1.

Given F (y,z) = 2° — 22%y + 3zy? — 22 = 0, is an implicit function y = f (z) defined
d
around the point (y = 3,2 =1)? If so, find cTy by the implicit function rule, and
x

evaluate it at this point.

. Given F (y,z) = 22% + 42y — y* + 67 = 0, is an implicit function y = f (x) defined

d
around the point (y =3,z =1)? If so, find d—y by the implicit function rule, and
T

evaluate it at this point.

d
For each of the given equations F (y,z) = 0, find d—y by (i) solving for y, (ii) the
x

implicit function rule, and (iii) taking the total differential:

(a) F(y,z) =2 +2y—14=0

(b) F(y,z) =2y —12=0

(c) F(y,z) =323y — 222 +6=0
Given F (y,z) = 2? — 3xy + 3> — 7 = 0, check that an implicit function y = f (z) is

d
defined around the point (y = 3,z = 4). Hence find d—y by the implicit function rule.
x

Given F (y,x) = ye¥ — x = 0, verify the conditions of the implicit function theorem.

Consider the function corresponding to the upper semi-circle of the set of points in

d
the zy-plane satisfying 2% + y? = 4. Find cTy by:
x

(a) explicitly writing out the function y = f (x) and finding its derivative.

(b) the implicit function rule.

Given F (y,x) = 1021y + 2222 + y*x2 = 0, find the value x5 for which the implicit

function y = f (z1,22) is defined around the point (y = 1,21 = —2, 29 =7)? Hence
0 0

find the values of =2 and —2- at this point.
a$1 8m2

Assuming that the equation F' (U, z,y) = 0 implicitly defines a utility function
U = f(z,y), find an expression for the marginal rate of substitution.



9. The market for a single commodity is described by the following set of equations

Qd = Qs
Qd = D(PvG)
Qs = S(P7N)

where G is the price of substitutes and N is the price of inputs, and G and N are
exogenously given. The following assumptions are imposed

oD oD
87P < O,%>O
a8 oS
aiP > 0,37N<0

Use the implicit function theorem to show that the system implicitly defines the
functions P* (G, N) and Q* (G, N). Hence use the implicit function rule to find and
oOP* 0Q* OP* N oQ*
oG’ aG " oN " ON”

10. Consider the system of equations

sign the derivatives

2 fary+y*—1=0
2,2 2 _
4y —a*"+3=0

Fl (2,y;a)
F? (2,y;a)

around the point (z = 0,y = 1,a = 2). What is the impact of a change in a on x and
y?

11. Let the national income model be written in the form
Y- C—-1Iy—-Gy = 0

C—a-pBY-T) = 0
T—~—-6Y =0

where the endogenous variables are Y (national income), C ((planned) consump-
tion expenditure) and T (taxation), and the exogenous variables are Iy (investment
expenditure) and Gy (government expenditure).

(a) Find the government expenditure multiplier by the implicit function rule.

(b) Find the nonincome tax multiplier by the implicit function rule.



Tutorial 2: Comparative Statics
SELECTED SOLUTIONS

ECO4112F 2011

1 Derivatives and Rules of Differentiation

Ay _ dy _ (c) f'(4) =32, f'(3) =24.
1. (a) Ay = 8xg + 4Ax (b) T = 8z
2. (a) DY — 1029+ 500 —4(b) W — 100 -4 (c) f'(4) =36, f"(3) = 26.
Az dx
Ay dy ( "(4) = 5. f(3) =
Sl ) G =7
4. f (z) = 13212 13. ' (w) = w'/3 a5 W _ o 2044
dt
5. f'(z) = 4225 14. f' () =2ax +b
dy 2
—2 d Y _ o 241
6. f'(u) = —2u"1/2 = NG 15. ﬁ 9843 £ Ga2—3 S0 gy T e
/ —
7 fiz) =0 16. % 3 (2722 + 62 — 2) 37. W _ (2az + b) et +bate
_3 dx dx
8. fl(z)=-3z"2%2=— d
18 L 19w+ 1) dy 5
9. f(z) =470 = = dy
z 20. il (9z + 14) dy 1
/ _ 3 A
10. f"(w) = 36w , . 39. Tl
11. f' (u) = abub~! 33. f'(t) = n
dy 1
12. f'(z) = 2cx 3. (=20 (1+3me) 0 5T oAt
d _ 2
b W (2 t6) o W 3(8—a?)

dz  (z+3)% 2z + 1) Cdr o (z+2)% (o +4)°



47. VO = @3 — 5Q? + 14Q (Recall that to find variable costs, you drop the fixed costs)

dve
——— = 3@Q? — 10Q + 14 This is the same as the marginal cost function. (Check this

dQ

by differentiating the total cost function - you will get the same result)

64. (a) |[J|=0 The functions are dependent.
(b) |J| = —20z2 The functions are independent.

2 General Function Models (Total Differentiation)

1.

(a) dy = =3 (2? + 1) da
(b) dy = (14z — 51) dx

2
(c) dy = <(xl2+xl)2) dx
(d) dy = 30z3dzy — 623dxy
(e) dy = 6x1dwy + 1223dxs
(f) dy = (62 + z)dz + (z — 62%) dz
(g) dy = (2+ 9z2) dz1 + (921 + 222) dxo

2.
90 pana & = oY
dy Y Y
. _dc/dy
S.Ecy = C/Y
B b
~ (a+0dY)/Y
B bY
 (a+bY)
3.
dz
— =10y + 9y°
(a) i y+ 9y
dz
b) — = 102y — 30
()dy Yy



o 0Q 0Q oQ
dQ = aAdAJra—KalKJra—LdL
dQ - _ 0QdA | 0Q dK  0QdL
dt — 0Adt OK dt = OL dt

[KaLﬂ] (A1) + [aA(t)Ka—lLﬁ} [aKoe™] + [,@A(t)KaLﬁ—l [b]

= {KO‘Lﬁ] <A'(t) + aa%Koeat + b,@?/)

5. We know that 7 will be constant along a given isoquant.

The total differential is given by

_of of
= TxldiEl + aiqudl‘z
Because 7 is constant, dy = 0. Thus
0 0
dy = afd$1+af2d$2 =0
af B of
= 872d$2 == aixldx]_

dxzo f )0z
— = - = MRT
d.%'l 8f/8$2 RT'S

3 Derivatives of Implicit Functions

1. (a) Does the function F' have continuous partial derivatives?

F, = —22°+6ay
F, = 3a%—dzy+ 3y>

Yes.
(b) Is Fy, # 0 at a point satisfying F (y,x) = 07

Fly=3,z=1) = (1)>-2(1)*3)+3(1)(3)*-22=1-6+27-22=0
and Fy (y=3,2=1) = —2(1)>+6(1)(3)=16#0

Therefore, an implicit function y = f (z) is defined around the point (y = 3,z = 1)
and we can use the implict function rule to find

dy — Fp - 322 — day + 3y?
—2x2 + 6y

dr ~  F,




At the point (y =3,z =1)

dy  (3()°-4()3)+3(3)%\ 9
de 2% +6(1)E) ) 8

2. An implicit function y = f (z) is defined around the point (y = 3,2 = 1) and we can
use the implict function rule to find

dy _ (4ztdy) 2
de dr — 493 ) 13

at the point (y =3,z =1).
4. (a) Does the function F' have continuous partial derivatives?

F, = —3z + 3y>
F, = 2x—-3y

Yes.
(b) Is Fy # 0 at a point satisfying F' (y,x) = 07

Fly=3,z=4) = (4?=-3@EGB)+B)>*-7=0
and F, (y=3,2=4) = -3(4)+33)2=15#0

Therefore, an implicit function y = f (z) is defined around the point (y = 3,z = 4)
and we can use the implict function rule to find

dy Fm__< 2x—3y>

dr ~  F, —3x 4 3y?

5. (a) Does the function F' have continuous partial derivatives?

F, = (1+y)e’
E, o= -1

Yes.
(b) Is Fy, # 0 at a point satisfying F' (y,x) = 07
From (a) we can see that
Fy=0&y=-1



Thus we can find combinations of (yo,zo),yo # —1 that satisfy F (yo,z0) = 0
and Fy (yo, o) # 0. For example, the point (y =1,z = e)

Fly=l,z=¢) = (el—e=0
and Fy(y=1l,x=¢) = (1+1)e’ =2¢#0

Therefore, an implicit function y = f (x) is defined around the point (y =1,z =€)
and we can use the implict function rule to find

dy_ B (1 \_ 1
de  F, (14+y)ev )  (1+y)ey

6. (a) ;
Y -1/2
i (4 — x2)
(b)
dy Lz
der vy
7. XTo = 4

9. Rewrite the system as two equations by letting @ = Qg = Qs :

Q = S(PN)

or equivalently:

FY(P,Q;G,N) = D(P,G)-Q=0
F?(P,Q;G,N) = S(P,N)-Q=0



Check the conditions for the implicit function theorem:

(a)

oD
Fp = ——
P OP
Fy = -1
oD
Ft = —
¢ oG
Fy =0
0S
2 e R
Fr = 5p
G = -1
FZ =0
oS
F, = =
N ON

Therefore, continuous partial derivatives wrt all endogenous and exogenous vari-
ables exist.

(b)

Fy Fl
= s

rp Qg
B Y
- S

92 -1
_ 9D 05
9P 9P
_ 95 _oD
9P 9P
> 0

Therefore, |J| # 0

Conditions for implicit function satisfied, and so system implicitly defines the func-
tions P* (G, N) and Q* (G, N).

Use the implicit function rule:



First, take the total differential of each equation:

dF' = Fpdp + F4dQ + F4dG + FydN = 0

oD oD
:>—8Pdp—1dQ+—aGdG+0 =0
oD oD

dF? = Fpdp + F3dQ + FGdG + FRdN = 0

aS a8
oS a8
S5dP —1dQ = —-2dN 2)

Putting equations (1) and (2) in matrix form

oD oD
oz —1| |dP — 2= 0
i 0 fie] = i a0+ [ o @
[ap —1] [d@ 0 —oN
Note that the coefficient matrix is the Jacobian matrix J.
oP* oQ*
To find and ) we partially differentiate with respect with G, holding N

oG
constant which implies that dN = 0. Setting dN = 0 and dividing through by dG in
& )|
P
S
op 1 &

(3) gives:
_9D
N I e
]
G

(Note the partial derivative signs - we are differentiating with respect to G, holding
N constant).

oP

oP* o0Q*
’ le t lve f d :
Use Cramer’s rule to solve for e an lE
oD
93 -1
opP* B 0 -1
oG |J]
8D
_ oG
28 9D
oP oP
> 0



o —a0
P G
Q" _ %Tg 0 ‘
oG |J|
9D 98
_ _0GopP
98 _ 0D
oP oP
> 0
oP* 0Q* . . . . . .
To find N and we partially differentiate with respect with N, holding G

constant which implies that dG = 0. Setting dG = 0 and dividing through by dN in
(3) gives:

o [2F ;
% 0 5;% - %]

(Note the partial derivative signs - we are differentiating with respect to N, holding
G constant).

oP* 0Q*
Use C ’s rule to solve f d :
se Lramer's rule to solve 10r ON an ON
0 -1
opP*  |-&% -1
ON 7]
_ 98
oON
95 _ oD
oP oP
> 0
oD
9@ 0
* glg aSs
Q" _ |op —on
ON 7]
_ 9D dS
_ _OPON
- 98 oD
oP oP
< 0

10. At the point (x = 0,y = 1,a = 2), the equations F! = 0 and F? = 0 are satisfied.



The F" functions possess continuous partial derivatives:

F! = 2z+ay
1 _

F, = ar+2y

F; = ay

F?2 = 2
2

F, = 2

F?2 = _—2q

Thus, if the Jacobian |J| # 0 at point (z =0,y = 1,a = 2) we can use the implicit
function theorem.

First take the total differential of the system

(2zx 4+ ay) dz + (ax 4+ 2y) dy + xyda = 0
2xdx + 2ydy — 2ada = 0

Moving the exogenous differential da to the RHS and writing in matrix form we get

2z +ay ax+2y| |[dz| |[—xy da
2x 2y dy| | 2a

where the coefficient matrix of the LHS is the Jacobian

F, Fy
F? F}

)= -

2r +ay azr+2y
2z 2y

At the point (z =0,y = 1,a = 2),
2 2
\J!—‘O 2‘—47&0

Therefore the implicit function rule applies and

-

[233 +ay ax+ Qy}
da

2x 2y




oz
Use Cramer’s rule to find an expression for %0 at the point (z =0,y
a

—xy ax+2y’
Ox 2a 2y
<a> - 7]

0 2’
4 2

1
8
1

—2

0
Use Cramer’s rule to find an expression for %Y at the point (z =0,y

Oa

2 +ay —ay

oz B 2z 2a
<aa> B 7|

N s | 0o

11. See Chiang, example 6, pages 203 - 204.
(a)
oYy™ 1
0G  1—-B+p6

(b)
oY 8

oy 1-B4p6

10
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